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Abstract 

We study chiral symmetry breaking in the holographic D3-D7 system in a simple model 
with an arbitrary running coupling. We derive equations for the D7 embedding and show there 
is a light pion. In particular we present simple integral equations, involving just the running 
coupling and the quark self energy, for the quark condensate and the pion decay constant. We 
compare these to the Pagels-Stokar or constituent quark model equivalent. We discuss the 
implications for walking Technicolour theories. We also perform a similar analysis in the four 
dimensional field theory whose dual is the non-supersymmetric D3-D5 system and propose that 
it represents a walking theory in which the quark condensate has dimension 2 + v^- 
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1 Introduction 

The D3-D7 systemp], [2j [3] in AdS-like spaces has allowed the study, through gauge/gravity 
duality or holography [U El Ej, of many aspects of strongly interacting gauge theories with 
quarks |7J. The system has been used to study quark confinement [8, [9], mesons [TO], transport 
properties at finite temperature [Til [T2| [T3] . and chiral symmetry breaking in the presence of a 
running coupling [HI [15], [16] or a magnetic field [TT]. 

Here we wish to present a very simple model of chiral symmetry breaking and the associated 
Goldstone boson (essentially pion) in this system. The simple model consists of embedding the 
D7s in pure AdS$ x S 5 but with an arbitrary dilaton profile to represent the running coupling of 
the dual gauge theory. This basic model, although the metric is not back reacted to the dilaton's 
presence, provides a simple encapsulation of the chiral symmetry breaking mechanism in the 
D3-D7 system. In particular it will allow us to elucidate in the holographic equations of motion 
why there is a Goldstone boson present for the symmetry breaking. Further it will allow us to 
write integral equations for the parameters of the low energy chiral Lagrangian involving just 
the form of the running coupling and the quark self energy function (the D7 brane embedding 
function). These equations are very similar in spirit to the Pagels-Stokar formula[18j for the 
pion decay constant, /„., and constituent quark model [19] estimates of the chiral condensate and 
so forth. 

The formulae we will present for these low energy parameters allow one to develop intuition 
about how the low energy theory depends on the underlying gauge dynamics. We explore this 
and as a particular example look at walking [201 El] Technicolour [221 [23] theories to see if the 
holographic model matches the folk lore from constituent quark models. Our results support 
the expectation that a walking regime will enhance the quark condensate relative to the pion 
decay constant. 

In our final section we will perform a similar study for the non-supersymmetric D3/D5 
system with a four dimensional overlap. We interpret this system as a walking gauge theory 
where the quark condensate has a dimension of 2 + v3 in the far UV. This theory is not of any 
obvious phenomenological use but the walking paradigm does seem to explain the physics of 
the system. 



2 A simple D3-D7 chiral symmetry breaking model 



We will consider a gauge theory with a holographic dual described by the Einstein frame geom- 
etry AdS 5 x S 5 
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where we have split the coordinates into the ^3+1 of the gauge theory, the p and which will 
be on the D7 brane world-volume and two directions transverse to the D7, 105, wq. The radial 
coordinate, r 2 = p 2 + w 2 + Wq, corresponds to the energy scale of the gauge theory The radius 
of curvature is given by i? 4 = 4irg 2 v Na' 2 with N the number of colours. g 2 v is the r — > 00 value 
of the dilaton. In addition we will allow an arbitrary running as r — ■> to represent the gauge 
theory coupling 

^ = 9Y M (r 2 ) = gl(3(p 2 + w 2 + w 2 ) (2) 

where the function j3 — > 1 as r — > 00. The r — > 00 limit of this theory is dual to the M = 4 
super Yang-Mills theory and g 2 v is the constant large r asymptotic value of the gauge coupling. 

We will introduce a single D7 brane probe [3 J into the geometry to include quarks - by treating 
the D7 as a probe we are working in a quenched approximation although we can reintroduce 
some aspects of quark loops through the running coupling's form if we wish. Although this 
system only has a U(l) axial symmetry on the quarks corresponding to rotations in the w§ — w 6 
plane (formally this symmetry is an R-symmetry of the model but it is broken by a quark 
mass or condensate) we believe it is a good setting for studying the dynamics of the quark 
condensation. That process is driven by the strong dynamics rather than the global symmetries 
so the absence of a non-abelian axial symmetry should not be important^. 

We must find the D7 embedding function eg w${p), wq = 0. The Dirac Born Infeld action in 
Einstein frame is given by 



S D7 = -T 7 /d 8 eeV-detP[G] aft 

, (3) 

= -T 7 J d 4 x dp psp-s/l + (d p w 5 ) 2 

where T 7 = l/(27r) 7 a' 4 and T7 = 2Ti 2 Ti/g 2 , v when we have integrated over the 3-sphere on the 
D7. The equation of motion for the embedding function is therefore 



(3p 3 d p w 5 

V 1 + (9 P w 5 y 



2w 5 p\/l + (d p w 5 ) 2 ^ = (4) 



The UV asymptotic of this equation, provided the dilaton returns to a constant so the UV dual 
is the M = 4 super Yang-Mills theory, has solutions of the form 

w 5 = m + -^r + ... (5) 
p 2 

where we can interpret m as the quark mass (m q = m/2iia') and c is proportional to the quark 
condensate as we'll see below. 



lr The Sakai Sugimoto model [53] is an example of a gravity dual with a non-abelian chiral symmetry but it is 
fundamentally five dimensional and a clear prescription for including a quark mass is lacking - the result is that 
we would not know how to do this analysis in that model since we can not identify the quark self energy nor the 
quark condensate. 
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The embedding equation (jlj) clearly has regular solutions = m when g\ M is independent 
of r - the flat embeddings of the M = 2 Karch-Katz theory [3] . Equally clearly if dj3/dr 2 is none 
trivial in 105 then the second term in (j3J) will not vanish for a flat embedding. We conclude that 
for any non-trivial gauge coupling the asymptotic solutions must contain the parameter c, a 
quark condensate. Whether c — > or not as m — > depends on the precise form of the running 
coupling chosen (note that = is always a solution of (J4j) ) . However, if the coupling grows 
towards r = as one would expect in a confining theory then there is clearly a growing penalty 
in the action for the D7 to approach the origin and we expect c to be non-zero. 

As an example one can consider a gauge coupling running with a step of the form 

(3 = a + 1 - a tanh [T(r - A)] (6) 

This form introduces conformal symmetry breaking at the scale A = \/2ira' which triggers 
chiral symmetry breaking. The parameter a determines the increase in the coupling across the 
step but the solutions have only a small dependence on the value chosen because the area of 
increasing coupling is avoided by the D7 brane. An extreme choice of the profile is to let the 
coupling actually diverge at the barrier to represent the one loop blow up in the running of 
the QCD coupling - the solutions show the same behaviour as for a finite step provided the 
transition is not infinitely sharp. The parameter T spreads the increase in the coupling over a 
region in r of order T _1 in size - the effect of widening the step is to enhance the tail of the self 
energy function for the quark. We show the symmetry breaking embeddings in Figure 1. 

w5 

5r 




10 20 30 40 50 

Figure 1: The D7 brane embeddings /quark self energy plots for the coupling ansatz in ([6j) - in each 
case the parameter a = 3 and from left to right: A = 3.19, T = 1; A = 4.55, T = 0.3; A = 10.4, T = 0.1. 

We will interpret the D7 embedding function as the dynamical self energy of the quark, 
similar to that emerging from a gap equation. The separation of the D7 from the p axis is the 
mass at some particular energy scale given by p - in the M = 2 theory where the embedding is 
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flat the mass is not renormalized, whilst with the running coupling an IR mass forms - we have 
picked parameters in Figure 1 that generate the same dynamical quark mass at p = 0. We call 
the embedding function E below. 

2.1 Goldstone Mode 

The embedding above lies at w 6 = but there is clearly a set of equivalent solutions given by 
rotating that solution in the — Wq plane. That degeneracy of the solutions is the vacuum 
manifold. We therefore expect a Goldstone mode associated with a fluctuation of the vacuum 
in the angular direction. For small fluctuations about the embedding above we may look at 
fluctuations in wq. The quadratic order expanded action for such a small fluctuation is 

Sr = -T 7 j dpdxVPyfl + (d p £ ) 2 (l + d -^l w \ + + W + ...)(7) 

note r, j3 and d r 2f3 are evaluated on the solution E here and henceforth. 

As usual we will seek solutions of the form we(p,x) = f n (p)e lk ^, k 2 = —M 2 . Here n takes 
integer values - the solutions are associated with the Goldstone boson and its tower of radially 
excited states. The f n satisfy the equation 

gp( 7=5= J - 2 P 3 \A + {d p ^f{d r ,(3)f n + ^p 3 (3jl + (d^R 4 M 2 J n = (8) 
a/1 + {Oph ) r 

The presence of a Goldstone boson is now immediately apparent - there is a solution with 
M 2 = and /o = So- With these substitutions the equation is exactly the embedding equation 
d3|, a result of the symmetry between between w 5 and wq. This is the pion like bound state 
of this theory - although there is only a broken U(l) axial symmetry, the absence of anomaly 
effects at large N make it closer in nature to the pions than the rf of QCD. 

Naively the argument just given makes it appear there is a massless Goldstone for any u? 5 
solution including those where there is an explicit quark mass in the asymptotic fall off in (jSJ). 
This is not the case though because to interpret the solution as a Goldstone requires f to fall 
off at large p as 1/p 2 - it must be a fluctuation in the condensate not the explicit mass. The 
naive massless solution is related to the fact that the theory has a spurious symmetry where 
'ipLipR — > e, iari pLipR and simultaneously m — > e~ ia m. This spurious symmetry must be present in 
the string construction. 

2.2 The low energy Chiral Lagrangian 

The Goldstone field's low energy Lagrangian must take the form of a chiral Lagrangian, non- 
linear realization of the broken symmetry[25j. We can substitute the form wq = fo(p)U(x) = 
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SoII(x) into (0) and integrate over p to obtain this Lagrangian 

c — 



T 7 / <W/tyl + (<9 P £ ) 2 ( 1 + Eftflun) 
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(«9JI)^ + ... 



(9) 



fidr 2 °"l + (d p E ) 2 

where we've used the equation of motion (jSJ) to eliminate the second and third terms in ([7]) in 
the massless limit. We have also included the Yl 2 (d x T\) 2 term from the fourth order expansion 
from which we will determine f n . 

This should be compared to the standard chiral Lagrangian form where U = exp(y/2iir / f n ) 

C2 



C = v + ^d x U j d x U + 0( P 4 



(10) 
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where Vq is the vacuum energy and f n is the pion decay constant. 

We must rescale II in ([9]) to the canonical normalization in (fT0|) and then we can read off 
an integral expression for the pion decay constant. To ensure all factors of a' are absent from 
physical answers, as they must be, we must express our answer as the ratio of two physical 
scales. Here we will use the scale A in the gauge coupling running §6§ that encodes the scale of 
the chiral symmetry breaking as our reference - we have 
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Note that d r 2(5 is typically negative for the embeddings we have explored above so that f 2 is 
positive. Employing the embedding equation (j4j) the denominator may be simplified leaving 

r , „ 2 1 2 



jdpp^^TTJd^j-^ 
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We can also extract an integral equation for the quark condensate (evaluated in the UV 
where there is no running) from our analysis. We use the fact that the expectation value of 
QlQr is given by -^-§^\m q -+o- For an infinitessimal value of m in the boundary embedding (j5J) 
we expect the full embedding, to leading order, to simply take the form w 5 = 2na'm q + E Q . We 
insert this form into the vacuum energy and expand to leading order in m q - the coefficient is 
just the quark condensate 

(q L q R ) ~N 



A 3 



dp p 3 E 



1 + (<9 P £ ) 2 <W 



(13) 



One may use the embedding equation (J3j) to turn this into a surface term that is then, given 
(3 becomes unity asymptotically, proportional to p 3 d p T l0 \ p _ oo which is just proportional to the 
constant c in (jSJ) confirming the interpretation of c as the condensate. The integral form of 
the equation though allows intuition for the value of the condensate from the shape of the 
embedding as we will see. Note that if the 'tHooft coupling gl v N is kept fixed both f v and the 
condensate grow as iV as expected. 

The integral equations (fl~2|) and (jl~3l) that link low energy parameters to the underlying UV 
physics are our main results. They are very reminiscent of constituent quark model [19] results 
which input the quark self energy, S(g), (for example determined from a gap equation [21]) to 
determine the same quantities. In particular those models give for the condensate 



where a prime indicates a derivatives with respect to q 2 . Although our formulae are more 
complex and include the underlying gauge coupling's running there are nevertheless a number 
of common features. We will compare them for the case of walking Technicolour below. 

It must be stressed that we have derived our expressions (fT2|) and (|T3|) in a toy holographic 
model of chiral symmetry breaking. Of course one can not just impose any random running of 
the gauge coupling and assume one is in a real gauge theory. We have also not included any 
back reaction of the space's metric to the presence of a non-trivial dilaton. The analysis is very 
similar in spirit to the chiral quark model assumption of an arbitrary choice of S(g 2 ). Despite 
these flaws, we hope the simplicity of the expressions allows one to analytically understand the 
typical response of the holographic descriptions to different types of running coupling. 

3 Walking Technicolour 

The constituent quark model expressions (|14|) and (IT5|) have underpinned much of the folk lore 
for walking Technicolour theories [20l [2Tj . In brief, in walking Technicolour the gauge coupling is 
assumed to transition from perturbative to non-perturbative behaviour at one scale, Ai but then 
the running slows, only crossing some critical value for inducing chiral symmetry breaking at a 
scale, A2, several orders of magnitude below Ai. In the period between Ai and A2 we imagine 
that the anomalous dimension e of the quark condensate is negative (so qq has dimension less 
than three) - the condensate evaluated in the UV is then enhanced taking the rough value 




(14) 



and the Pagels Stokar formula [T8] for the pion decay constant 




(15) 
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Gap equation analysis [21] provides an alternative but equivalent explanation for the en- 
hancement of the quark condensate. There walking, which has a larger coupling value further 
into the UV, enhances the large q tail of the quark self energy S(g). Looking at the constituent 
quark model expressions for low energy parameters one can see that f n is dominated at small q 
(there is a q 4 in the denominator) and so f n is broadly unchanged by walking. In a Technicolour 
model sets the W and Z masses and hence the weak scale. On the other hand the condensate 
in (THj) is given by a simple integral over and hence grows if the tail of S(g) is raised. 
The condensate is enlarged in walking theories relative to the weak scale. In extended Techni- 
colour models [26] the condensate determines the standard model fermion masses - increasing it 
drives up the extended Technicolour scale, potentially suppressing flavour physics below current 
experimental bounds. 

Do our holographic expressions agree with this story? The challenge is to simulate walking 
in a holographic setting. The problem is that we are always at strong coupling (large N) if 
we have a weakly coupled gravity dual. As we have seen, the introduction of any conformal 
symmetry breaking through the running coupling causes chiral symmetry breaking^. We can 
not therefore reproduce directly the physics at the scale Ai discussed above where the theory 
moved to strong coupling but without causing chiral symmetry breaking. 

As a first attempt to address this point we can be led by the solutions in Figure 1 as a result 
of the coupling ansatz in ([6]). If we increase the parameter T we effectively smear the scale 
at which the chiral symmetry breaking is induced over a range of r ~ r _1 . Could we use this 
smeared range to represent the separation between Ai and A 2 above? The effect of the smearing 
is to enhance the tail of the self energy just as expected in walking theories. 

If we now turn to the holographic expressions ( |T2l) & ( |T3|) we see that they naively share the 
same response to enhancing the tail of So as the constituent quark model expressions (fT4l) & 
f|T5|) did to raising the tail of S(g). In particular again f n has a 1/p 4 factor in the denominator 
of each integral involved, making it, one would expect, insensitive to changes in the tail of S . 
The expression for the condensate though is sensitive to the tail and should grow as walking 
is introduced. In fact though this analysis neglects the dependence of these functions on the 
derivatives of the gauge coupling and the self energy function S - this additional understanding 
of dynamics coming from the gauge coupling running lies beyond the constituent quark model 
pictures. Both (fl2l) and ( |T3l) are dominated around the points of maximum change in the 
coupling and S . Note though that the derivative of the coupling, <9 r 2/3, is evaluated on the 
brane, which in the cases above has precisely embedded itself so as to avoid large derivatives in 
f3. By smoothing these functions through increasing V we include extra functional behaviour. 



2 Attempts to find backreacted holographic models of gauge theories with a walking profile such as those in 
[27l [28] could fall foul of this problem were they used to generate chiral symmetry breaking. 
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In fact these changes in the derivatives are more numerically important than the rise in the tail 
of Eo for the plots in Figure 1. This means that the more "walking" looking self energies in 
fact give a slightly lower condensate for a fixed value of f n . The simple coupling ansatz in ([6]) 
does not therefore accommodate a behaviour we can interpret in the usual walking picture. The 
model does suggest that there could be considerable variation in the ratio of the condensate to 
fx in gauge theories with rather different speeds of IR running though. A recent lattice analysis 
suggest this ratio could vary as the number of quark flavours is changed in QCD |29j . 

To take advantage of the similarities between ffT2l) & f|T3|) and f fT4|) & f|T5|) one would need 
to keep the derivatives of the coupling and Eo roughly fixed as the scale at which that change 
occurred was moved out to larger p. Our equations would in such a scenario provide the 
enhancement of the condensate that one looks for in a walking theory. Essentially one would 
want a self energy that rose sharply at large p but then flattened to meet the u>5 axis at the 
same value as the curves in Figure 1. This in fact matches the crucial signal of walking that one 
would expect S (/) = 0) C A with A the scale at which the high scale running occurs. Within 
holographic models this should be the crucial signal of walking. 

This scenario suggests we are mimicking a slightly different walking dynamics in the gauge 
theory than that discussed above - imagine a theory in which the coupling ran to strong coupling 
(call this scale h\ again) and then entered a conformal regime with coupling value slightly above 
the critical value needed to form a condensate. If the coupling was tuned from above sufficiently 
close to the critical value in its conformal window then a self energy would form but with a size 
considerably below h\. 

Realizing this sort of walking behaviour can be done in a straightforward, if adhoc, fashion. 
We need to break the symmetry between p and w$, wq in the coupling ansatz (3. A simple ansatz 
is just to shift our previous ansatz out to larger p: 

j3 = a + 1 - atanh T(y/(p - A x ) 2 + w 2 b + w% - A) p > X 1 

(16) 

(3 = 1 p < Ai 

This ansatz, which we sketch in Figure 2, leaves the derivative of (3 unchanged but shifted by 
Ai in p - this will ensure the condensate, which is given by (fT3l) and dominated around Ai 
where the derivative of (3 is non-zero, will grow as \\. The embedding will still plateau around 
the same value of W5 since above the step (which is quite sharp) the space is AdS and the 
embeddings must be flat. Below Ai the embedding becomes flat since the geometry is AdS (the 
first derivative of E at p = Ai is smooth). Obviously this choice of (3 below Ai looks peculiar 
- one could though imagine that in that region there is a sharp step function to large coupling 
at small w 5 ,Wq - the embeddings would remain the same. 
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small 
coupling 
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coupling 




Figure 2: A sketch of the area in which the coupling is large in our ansatz in (|16p and the resulting 
form of the embeddings Sq - on the left for Ai = and on the right for a non-zero Ai 



With the embeddings from this walking (3 ansatz we can analytically see how the expressions 
for fn and (qq) change with Ai. In (|T2|) the numerator will become independent of Ai as it grows 
whilst the denominator, which is proportional to the derivatives of So and (3 will fall as 1/Ai. 

will therefore scale as A^ 2 . The condensate expression ( |T3|) is dominated around Ai where 
the derivative of f3 is non-zero - it will grow as \\. Therefore if we raise Ai at fixed f n the 
condensate will grow as A? . The rise is consistent with the usual claims that a walking theory 
will enhance the condensate. 

It is also possible to numerically confirm this behaviour at least for small Ai. In Figure 3 
we show numerical embeddings, displaying the behaviour shown in Figure 2, as Ai is increased 
from to 8. To keep the plateau value exactly equal we have tuned T in the coupling ansatz (it 
changes from 1 to 3.6 across these plots). The condensate grows by an order of magnitude across 
these plots and in the large Ai limit will presumably match the analytic behaviour discussed 
although more and more tuning of T would be needed. 




Figure 3: Numerically determined embeddings for the coupling ansatz in (|16p. These curves all 
have a = 3 and A = 3.19 in addition the curves from from left to right correspond to the parameter 
choices Ai = 0, T = 1, Ai = 5, T = 3.51,Ai = 8,T = 3.63. 
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Note that breaking the symmetry between p and W5,wq in the (3 ansatz is still consistent 
with the symmetries of the D3-D7 system. In fact interestingly a distinction between the p 
and w^,Wq directions is precisely what one would expect in a geometry backreacted to the D7 
branes[H [30]. It is therefore plausible that one could fine tune the number of quark flavours in 
some D3-D7 system to obtain these forms of ansatz for the dilaton. 



We now turn to an alternative attempt to describe aspects of walking dynamics with holography. 
On first meeting the D3/(probe)D7 system it seems as if that system should fundamentally be a 
walking gauge theory - the M = 4 gauge dynamics is conformal and strongly coupled in the UV. 
When we introduce running in the IR that triggers chiral symmetry breaking, should the physics 
not be closer in spirit to that of a walking theory rather than QCD? Why did we have to work 
so hard above to make that system walk? The reason it is not a walking theory is that the UV 
of the D3/D7 system possesses Af = 2 supersymmetry which both forbids a quark condensate 
and protects the dimension of the qq condensate at three. That the self energy profiles E fall 
off as 1/ p 2 in the analysis above is driven by that UV supersymmetry and mimics the behaviour 
of asymptotically free QCD. 

It is natural then to look for a way to introduce quarks into Af = 4 super Yang Mills which 
breaks supersymmetry even in the far UV. Using a D5 probe to introduce quarks seems the 
simplest example to explore. Here we consider the system with a four dimensional overlap of the 
D3 and the D5 not a three dimensional overlap as studied in [31]. Note that the strings between 
the D3 and D5 remain bi-fundamental fields of the gauge symmetry and global symmetry. The 
lowest energy modes of those strings are still at heart the gauge field, that would be present if 
the strings were free to move in the whole space, which become scalar fields, and the gaugino 
partners that become the fermionic quarks. In a non-supersymmetric theory the scalars will 
most likely become massive leaving fermionic quark multiplets in the Af = 4 theory. 

The metric of AdS$ x S 5 can be written in coordinates appropriate to the D5 embedding as: 



with r 2 = p 2 + <J\ + uo\ + uo\ + uo\ and p 2 = uoj + uo\. R is the radius of AdS R 4 = 4irgl v Na' 2 
The D3 brane is extended in the Xi dimensions. The D5-brane will be extended in the p and 
VL\ directions. The uo 3 ,uo4,uo 5 and loq are perpendicular to the D5-brane. g 2 v is the value of the 
dilaton for r —>■ oo. 

Let us first analyze the system with a constant dilaton 



4 The D3-D5 System 



ds 2 = -jr^rjijdx 1 dx^ H ^ {dp 2 + p 2 dVt\ + duo 2 + du)\ + duo 2 + duo 2 ) 



9uv 



(17) 




UV 



(18) 
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The action for a probe D5 brane assuming the embedding co> 5 (p), CU3 = 004 = ujq = is: 

S D5 = -T 5 J d 8 £e^-detP[G] ab 



(19) 



= -T 5 J d xdpr pyl + (d p w 5 ) , 
where T 5 = l/(27i) 5 a' 3 and T 5 = T 5 2n/ R 2 g uv . The embedding equation is 



r 2 p 



The large p behaviour of these solutions is 

co> 5 ~ mp 



- 2uj 5 pJ 1 + (d p u 5 y 



73 -1 



c/p 



l+\/3 



(20) 



(21) 



The full embeddings are shown on the left hand of Figure 4. Note that as m — > in the UV 
asymptotics the full solutions lie along the p axis indicating that the condensate c = and there 
is no spontaneous chiral symmetry breaking - this is a simple result of the absence of a scale in 
the conformal field theory. 

We continue to interpret the parameter m in the D5 brane embedding as the quark mass. 
Then from equation (1211) we can see that there is an effective anomalous dimension present for 
that mass - its dimension is 2 — y/3. The parameter c is then the quark condensate and has 
dimension 2 + \/3. the change in the dimension of these operators in the UV conformal regime is 
exactly the physics that underlies the walking idea. Amusingly though here the anomalous di- 
mension of the quark condensate is positive rather than negative as usually envisaged in walking 
theories. The D3/D5 system will not apparently be much use for constructing a phenomenolog- 
ical technicolour model. On the other hand here we are simply interested in testing the intuition 
for walking theories so we will continue to investigate for more formal reasons. 






2 4 6 8 10 12 14 2 4 6 8 10 12 14 



Figure 4: The regular embeddings of a D5 brane in pure AdS with (5 = 1 on the left. On the right 
the chiral symmetry breaking embeddings for the ansatz for (3 in © with r = l,A = 3,a = 5. 
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4.1 D3-D5 Embedding with a Non-Trivial Dilaton 

Let us now include a non-trivial dilaton (gauge coupling) profile as we did above in the D3-D7 
system 

e* = 9YM(r 2 )=9lP(r 2 ). (22) 
For r — ► oo /3 — ► 1. The action is now 



S m = -T 5 / d xdpr (3pJ 1 + (d p w 5 ) 



(23) 



The embedding equation is 



r 2 (3p 



(d p uj 5 ) 



1 + (d p u; 5 y 



- 2^ 5PV /l + (^ 5 ) 2 [/? + r\d r 2f3)] 



(24) 



The embeddings can be seen on the right in Figure 4 for the ansatz for (3 in <^j. There is again 
chiral symmetry breaking with a non-zero w§{p = 0) as m — > in the UV. The self energy curves 
fall off faster at large p which matches expectations from gap equations in a theory where the 
quark condensates dimension grows in the walking regime. 

The embedding breaks the SO (4) symmetry in the u>3 — ujq directions so we expect there to 
be Goldstone modes present. For example, there should be an equivalent solution when rotating 
the embedding in e.g. the U5 — ujq plane. Let's look at small fluctuations around the embedding 
S in the Uq direction to find a Goldstone boson. The action for such fluctuations in quadratic 
order is 

1 + {d '^ + \rfw^- + ^< 3 ^> 2 + • • ■ 



5*5 = -T 5 I d xdpr (3p\/l + (<9 p £ 0y 



2 r 4 



(25) 

where again r 2 ,/3 and d r 2/3 are all evaluated on the the D7 brane world volume So- We seek 
fluctuations of the form uq(x, p) = f n (p)e lk x with k 2 = —M 2 . The equation of motion for the 
fluctuations give the following equations for /„ 



r 2 (3p 



(d p fn) 



1 + (<9 P £ C 



R 4 



+ ^PpJl + (d p E ) 2 M 2 J n -2pJl + (9 P S ) 2 [P + r 2 d r 2[3] f n = 



(26) 

The equation with M 2 = and / = S is the embedding equation (j3J revealing the presence 
of the Goldstone mode. 

The Lagrangian for the Goldstone field is found by writing u e = f (p)H(x) = S n(x) in 
(125p and integrating over p. We can expand r 2 /3 with r 2 = p 2 + Sq + SqII 2 as r 2 /3(r 2 ) = 
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r 2 (5{r 2 ) | r 2 =p 2 +2 2 + SQlI 2 9 r .2(r 2 / 9)| r .2 =p 2 +S 2 and then use the equation of motion (126]) to eliminate 
the second and third terms in (1251) for M n = 0. This procedure gives the Lagrangian to quartic 
order 



C 



dpr (3p 
1R A 



1 +27^ (9JI) + 



1 + (5 P S ) : 
1R A 



4r4 Vl + (5 p Sc 



+ 2£* 



d r 2 (/3r 2 
/3r 2 



(a,n 2 ) n 2 + 



(27) 



We can now rescale II in (1271) and get an expression for /„.. We find 



f 2 
A 2 



_2ATi/2 




2 


7r 3/2 A 2 




( (p2+S2)/3 P Eo(a p S )^ 
^ ^1+(S P E ) 2 ^ 





(28) 



We also want to find out the value of the quark condensate. We expand r 2 /3 in (1271) with 
r = p 2 + (So + mp^" 1 ) 2 as r 2 /? = r 2 ^| r2=p2+s g + 9 r 2(r 2 ) <9)| r ,2 =p 2 +S 2(2mp^- 1 So + C(m 2 )). Then 
we can compare the vacuum energy, Vo , in (1271) with the vacuum energy of the chiral Lagrangian 
to find the quark condensate 



(qq) —N 1 / 2 
A2+V3 ~ 2g 2 uv Nn 1 / 2 \ 2 +^ 



dpp^x/l + id^oY^odAr 2 ^ 



(29) 



These expressions for f n and (qq) are in some ways similar to those in the D3/D7 system. /„. 
is again dominated at low p whilst the condensate is more sensitive to the tail of So- In the D5 
setting Eo falls off more quickly in the UV and will suppress the condensate. This matches the 
chiral quark model results. On the other hand the factor of N 1 / 2 before each expression suggests 
some radical redistribution of the degrees of freedom in the UV conformal regime which we can 
offer no explanation for. 

It is important to also note that one can not directly compare the condensates in the D5 
and D7 cases since they have different intrinsic dimension even in the far UV. In fact to convert 
the D3/D5 theory to the usual walking set up would require the inclusion of extra UV physics 
(equivalent to that at the scale Ai in the walking discussion above) where the condensate's 
dimension changes to three. The condensate above that scale would be suppressed by a further 

F\— 1 

factor of roughly A^ 

Whilst the D3/D5 system may not form the basis of any helpful phenomenological model 
we do believe that the walking paradigm is the correct way to interpret the system and the 
anomalous dimensions present in the UV. 
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5 Conclusions 



We have presented a general description of chiral symmetry breaking in the D3/D7 system that 
describes a strongly coupled gauge theory with quarks. The model allows one to compute the 
dependence of the parameters of the low energy chiral Lagrangian on the running coupling or 
dilaton form. Our integral formulae for f n and the quark condensate allow analytic understand- 
ing of how these quantities depend on the coupling and the dynamical mass of the quark in a 
similar way to the results of chiral quark models and the Pagels-Stokar formula. Our model is 
not complete since we do not back react the geometry to the dilaton. However, we view this as 
a necessary evil to construct intuition in this type of set up to the response to different dilaton 
profiles. This toy environment should provide good guidance for those wishing to construct fully 
backreacted solutions that show specific phenomena. 

We have used our results to understand how walking like gauge dynamics could be included 
in a holographic framework. The crucial signal of walking should be that the quark self energy 
at zero momentum should be much less than the scale at which conformal symmetry breaking 
is introduced. We displayed in figure 2 the form a dilaton profile must take to achieve walking. 
Our integral equations support the usual hypothesis that walking in a gauge theory would tend 
to boost the value of the quark condensate relative to the value of /„.. 

Finally we studied the non-supersymmetric D3/D5 system with a four dimensional overlap 
and proposed that the conformal UV of the theory should be considered as a walking phase of a 
gauge theory. The anomalous dimensions of the quark mass and condensate were computed - in 
this theory the dimension of the quark condensate is 2 + which is greater than the canonical 
dimension 3. Normally walking is constructed to lower this dimension but this theory hopefully 
nevertheless adds to our knowledge of walking behaviour. 
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